ON TOPOLOGICAL SURGERY AND RIGIDITY 
FOR CONNECTED SUMS OF 4-MANIFOLDS 



QAYUM KHAN 



Abstract. We establish the topological s-cobordism surgery sequence for 
any closed oriented 4-manifold X homotopy equivalent to a connected sum 
Xi //• ■ ■ ■ #X n such that each topological 4-manifold Xj has fundamental group 
T{ of class NDL. As a corollary, if each Xj is aspherical and each f\ satisfies 
the Farrell-Jones Conjecture in L-theory, then X is topologically s-rigid. An 
application is an s-fibering theorem for topological 5-manifolds over the circle. 



1. Introduction 

If the fundamental group of a compact topological 4-manifold X satisfies the Null 
Disc Lemma (NDL) of M. H. Freedman |FQ90| , then all topological s-cobordisms 
on X are products X x /, and X possesses an exact surgery sequence |FT 95 , KQOO . 
In this paper, we extend the existence of the s-cobordism surgery sequence to 
finitary connected sums X of orientable NDL pieces Xi. In particular, we obtain 
exactness at the topological s-cobordism structure set 5^ OP (X) and calculate it to 
be trivial under certain conditions on the fundamental groups of aspherical Xi. In 
addition, we extend the existence of the s-cobordism surgery sequence to aspherical 
4-manifolds with fundamental group satisfying the Farrell-Jones Conjecture. 

1.1. The topological s-cobordism surgery sequence. 

Definition 1.1 (Freedman). A discrete group G is NDL (or good) if the 7Ti-Null 
Disc Lemma holds for it (see [FT95 for details). The class NDL is closed under 
the operations of forming subgroups, extensions, and filtered colimits. 

This class contains subexponential and exponential growth FQ90, FT95, K Q00| . 

Theorem 1.2 (Freedman-Quinn, Freedman-Teichner, Krushkal-Quinn) . The class 
NDL contains all virtually poly cyclic groups and all groups of subexponential growth. 

Example 1.3. Here are some exotic examples in NDL. The semidirect product 
Z 2 x Q Z with a = ( 2 \ ) is polycyclic but has exponential growth. For all integers n ^ 
— 1,0, 1, the Baumslag-Solitar group BS(l,n) — Z[l/n] x„ Z is finitely presented 
and solvable but not polycyclic. Grigorchuk's infinite 2-group G is finitely generated 
but not finitely presented and has intermediate growth. 

Recall that, unless specified in the notation, the structure sets S^ OP and normal 
invariants A/top are homeomorphisms on the boundary (that is, rel d) [Hil02 , §6.2]. 
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Definition 1.4. Let Z he a non-empty compact connected topological 4- manifold. 
Denote the fundamental group 7r := ni(Z) and orientation character uj := w\{tz)- 
We declare that Z has class SES h if there exists an exact sequence of based sets: 

Mtov(Z xI)^U L£(7t,w) -^S$ op (Z) Af TO p(Z) Lj(7r,w). 

The subclass SES+ includes actions of groups in K- and L-theory (Defn. I2.5[) . 
This exact sequence has been proven for the above groups |FQ90| Thm. 11.3A]. 

Theorem 1.5 (Freedman-Quinn). Let X be a compact connected topological man- 
ifold of dimension 4- If ^liX) has class NDL, then X has class SES+. 

Here is our main theorem, extending their hard result by a soft technique. From 
a controlled-topology point of view, one may interpret the result as gaining control 
for surgery over a certain finite tree of groups whose edge groups are trivial. 

Theorem 1.6. Let X be a compact connected topological manifold of dimension 4- 

(1) Suppose the fundamental group iri(X) is a free product of groups of class 
NDL. If X is non-orientable, assume m(X) is 2-torsionfree. Then there 
exists r > such that the r-th stabilization X^r{S 2 x S 2 ) has class SES+. 

(2) Suppose X has the homotopy type of a connected sum X\jf ■ ■ ■ f^X n such 
that each Xi has class SES+. If X is non-orientable, assume that tti(X) 
is 2-torsionfree. Then the homotopy connected sum X has class SES+. 
Moreover, the following induced function is a bijection: 

n 

# : H^TOp(^) ► ^TOpPO" 

Indeed, it turns out that a limited form of surgery does work for free groups. 

Example 1.7. Suppose X is a closed connected topological 4-manifold with free 
fundamental group: %i(X) — F n . Then a fixed stabilization X#r{S 2 x S 2 ) has a 
topological s-cobordism surgery sequence, for some r > depending on X. 

The proof of our theorem consists of two steps: first homology split along each 
essential 3-sphere |Wei87j , and then perform a neck exchange trick [FQ90 to replace 
homology 3-spheres with genuine ones (cf. |KLT95al IJK0 6 The first step is possi- 
ble because the high-dimensional splitting obstruction group |Cap74a| has recently 
been shown to vanish [CDj. No direct surgeries are performed — only cobordisms 
are attached. Our techniques do not show triviality of s-cobordisms. 

Remark 1.8. The stable surgery sequence of S. Cappell and J. Shaneson |CS71] 
holds for all closed connected topological 4-manifolds X. However, the amount of 
S 2 x S 2 stabilization used is not fixed in the stable structure set 5top(^) [KTOlj . 

Remark 1.9. The analogous decomposition, holds in certain high dimensions, 
by recent work of J. Davis and F. Connolly |CD| . Namely, suppose m > 4 and m 
0. 3 (mod 4). If each non-empty compact connected m-dimensional manifold Xi is 
oriented (resp. non-orientable and 7Ti(Xj) is 2-torsionfree), then ^ is a bijection. 

In fact, these two remarks can be combined for the stable version of Theorem ll.61 
Note the hypothesis below has no NDL restriction on the fundamental groups IV 
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Theorem 1.10. Let X be a compact connected orientable topological manifold of 
dimension 4- Suppose the fundamental group m(X) is a free product of groups 
T\, . . . , r„. Then there exist compact connected topological ^-manifolds X\, ■ ■ ■ , X n 
with each fundamental group 7Ti(Xj) isomorphic to Ti such that there is a bijection: 

n 

# : n^TOp(^i) > ^TOpPO- 

i=l 

Moreover, these Xi are unique up to (S 2 x S 2 ) -stabilization and re-ordering. 

Here are other caveats, which place our main theorem into historical context. 

Remark 1.11. A homotopy decomposition into a connected sum need not exist. 
A counterexample to the homotopy Kneser conjecture with tti(A) = G3 *G*5 where 
G p := C p x C p was constructed by M. Kreck, W. Luck, and P. Teichner [KLT95a . 

Remark 1.12. Given a homotopy decomposition into a connected sum, a home- 
omorphism decomposition need not exist. There exist infinitely many examples of 
non-orientable closed topological 4-manifolds homotopy equivalent to a connected 
sum (X = PJP 4 #IRP 4 ) that are not homeomorphic a non-trivial connected sum 
JK06, BDK07 . Hence # is not always a bijection in the case tti(X) = £ NDL. 

Remark 1.13. For certain groups 7Ti(X) unknown in NDL, such as poly-surface 
groups, results on exactness at A/top (A) are found in [Hil021 IKha07l IHR071 ICS08] . 

Remark 1.14. The modular group PSL(2, Z) = C2 * C3 is a tantalyzing example 
of a free product of NDL groups. It has a discrete cofinite-area action on H 2 . Our 
theorem in the non-orientable case neither includes it nor SX(2,Z) = C4 *c? 2 Cq. 
The group PSL(2, Z) plays a key role in the orientable case of free products [CD] , 

Let us conclude this subsection with an application to fibering of 5-manifolds. 
Partial results were obtained in [Wci87 ( Kha08 . The proof is located in Section 2) 

Theorem 1.15. Let M be a closed topological 5-manifold. Let X be a closed 
topological ^-manifold of class SES\. Suppose f : M —> S 1 is a continuous map 
such that the induced infinite cyclic cover M — hofiber(/) is homotopy equivalent 
to X. If the Farrell-Siebenmann fibering obstruction r(/) G Whi(7TiM) vanishes, 
then f is homotopic to a topological s-block bundle projection with pseudofiber X . 

If X satisfies the s-cobordism conjecture, then we obtain a fiber bundle projection. 

Question 1.16. Do similar results hold for the non-orientable 4-manifold X = 
RP 4 #PJP 4 #MP 4 ? If X had class SES^ then S% OP (X) would be countably infinite. 

1.2. Topological s-rigidity for 4-dimensional manifolds. 

Definition 1.17. A compact topological manifold Z is topologically rigid if, for 

all compact topological manifolds M, any homotopy equivalence h : M —> Z, with 
restriction dh : dM — > dZ a homeomorphism, is homotopic to a homeomorphism. 

Recall the Borel conjecture is proven for certain good groups [FQ90[ Thm. 11.5]. 

Theorem 1.18 (Freedman-Quinn) . Suppose Z is an aspherical compact topological 
4-manifold such that tti(Z) is virtually polycyclic. Then Z is topologically rigid. 

The following crystallographic examples include the 4-torus T 4 . It turns out that 
there are only finitely many examples in any dimension (e.g., see |Far811 Thm. 21]). 
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Example 1.19. Suppose T is a Bieberbach group of rank 4, that is, a torsionfrcc 
lattice in the Lie group Isom(E 4 ). Then Z = R 4 /T is topologically rigid (cf. |FH83j ). 

Let us now turn our attention to a weaker form of rigidity for general groups. 

Definition 1.20. A compact topological manifold Z is topologically s-rigid if, 

for all compact topological manifolds M, any homotopy equivalence h : M — > Z, 
with restriction dh : dM — > dZ a homeomorphism, is itself topologically s-bordant 
rel dM to a homeomorphism. It suffices that the Whitehead group Whi^Z) 
vanishes and the topological s-cobordism structure set S^ OF (Z) is a singleton. 

The following important basic observation does not seem to have appeared in the 
literatureQ In particular, we do not assume that the fundamental group is NDL. 

Theorem 1.21. Let Z be a compact topological ^-manifold with fundamental group 
7r and orientation character uj : tt — > {±1}. Suppose the surgery obstruction map 
cr| : A/top(-^) ~~ ► L^TTjij) is injective and erf : Afrop(Z x /) — > L^(tt,uj) is surjec- 
tive. //Whi(7r) = then Z is topologically s-rigid. Also Z has class SES 1 ^. 

We sharpen an observation of J. Hillman |Hil02| Lem. 6.10] to include map data. 

Corollary 1.22. Let Z be a compact topological ^-manifold. Suppose the product 
Z x S 1 is topologically rigid. LfWhi(iriZ) — then Z is topologically s-rigid. 

This allows us to generalize a theorem of J. Hillman for surface bundles over 
surfaces [Hil02, Thm. 6.15]. His conclusion was that the source and target are 
abstractly s-cobordant. Our new feature is s-rigidity of the homotopy equivalence. 

Example 1.23. Suppose Z is a compact topological 4-manifold that is the total 
space of a topological fiber bundle of aspherical surfaces over an aspherical surface. 
Then Z is topologically s-rigid, as follows. By Hil02, Theorem 6.2], the group 
Whi(TTiZ) vanishes. By the proof of [RTl02l Theorem 6.15], the set S^ OP (Z x S 1 ) 
is a singleton. Now apply Corollarv ll.221 Alternatively, we can use Corollary 1 1.261 
and the recently established validity of F Jl for polysurface groups |BFL] . 

In the topology of high-dimensional manifolds, the following class of fundamental 
groups has been of intense interdisciplinary interest for at least the past two decades. 

Definition 1.24. Denote FJl as the class of groups T that are K-Rat and satisfy 
the Farrell- Jones Conjecture in L-theory |FJ93j . That is, the elements T of FJl 
satisfy Whi (T x Z n ) = and H^(E aU T, E VC T; L^ 00 ) = for all n > (see [DL98] b 

We shall focus on the torsionfree case. This has nice subclasses F J98. BLl IBFLj . 

Theorem 1.25 (Farrell- Jones, Bartcls-Luck, Bartels-Farrell-Luck). Let T be a 
discrete torsionfree group. Then T has class FJl if: 

• r is the fundamental group of a complete A-regular Riemannian manifold 
with all sectional curvatures non-positive, or 

• r is hyperbolic with respect to the word metric, or 

• r admits a cocompact proper action by isometries on a complete finite- 
dimensional CAT(O) metric space, or 

• r is a virtually poly cyclic group ( equivalently, a virtually poly-Z group ), or 

• r is a cocompact lattice in a virtually connected Lie group. 



^Other authors use these hypotheses when Z is oriented and aspherical (cf. IHKT091 Defn. 1.2]). 
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We state our s-cobordism answer to the Borel conjecture for exponential growth. 

Corollary 1.26. Suppose Z is an aspherical compact topological 4-manifold such 
that tti(Z) has class FJl- Then Z is topologically s-rigid. Also Z has class SES+. 

Example 1.27. Topological s-rigidity occurs if Z — dZ is complete finite-volume 
hyperbolic. That is, Z - dZ = R 4 /T for some torsionfree lattice T in Isom(H 4 ). 

Example 1.28. A non-Riemannian example of topological s-rigidity is the closed 
4-manifold Z of M. Davis [Dav83 . The universal cover Z is a complete CAT(O) 
metric space. Most strikingly, Z is contractible but not homeomorphic to M 4 . 

The next example involves multiple citations, so we give a formal proof later. 
Currently, due to Nil summands, it is unknown if its Whitehead group vanishes. 

Corollary 1.29. Suppose Z is the mapping torus of a homeomorphism of an as- 
pherical closed 3-manifold K. IfWh-xi^xZ) = then Z is topologically s-rigid. 

Now, let us pass to connected sums, which fail to be aspherical if there is more 
than one factor. The next statement shall follow from Theorems 11.61 and 11.211 
Below, we write cdim(G) for the cohomological dimension of any discrete group G. 

Corollary 1.30. Let n > 0. For each 1 < i < n, let be a compact oriented 
topological ^-manifold. If each fundamental group Tj := iti(Xi) is torsionfree of 
class FJl with cdim(Fi) < 4, and each mod-two second homotopy group vanishes: 
7r 2(Ai)®Z2 = ; then the connected sum X := X±# ■ ■ ■ ffX n is topologically s-rigid. 

Next, we illustrate the basic but important example of non-aspherical oriented 
factors Xi — S 1 x S 3 . Here, the connected sum X has free fundamental group F„0 

Example 1.31. Let n > 0. Recall Wh x (Z) = 0. Then, by Corollary [001 the 
closed 4-manifold X = #rt(S' 1 x S 3 ) has class SES+ and is topologically s-rigid. 

Finally, we specialize Corollary II .301 to the setting of the Borel conjecture. 

Corollary 1.32. Let n > 0. For each 1 < i < n, suppose Xi is an aspherical 
compact oriented topological ^-manifold with fundamental group Ti :— ni(Xi) of 
class FJ^. Then the connected sum X := Xif/= ■ ■ ■ ffX n is topologically s-rigid. □ 

Here is an outline of the rest of the paper. Foundations are laid in Sections [2] [31 
where we expand work of Cappell and Weinberger in dimension four. Applications 
are made in Sections 0HS1 where we prove the stated results of the Introduction. 
The reader may find most of our notation and terminology in Kirby- Taylor KT01 . 

Acknowledgments. The author thanks Masayuki Yamasaki for his kind hospital- 
ity. This paper was conceived in May 2009 at the Okayama University of Science. 
Jonathan Hillman and Andrew Ranicki provided expert e-mail consultation. Fi- 
nally, the author is grateful to the Hausdorff Research Insititute for Mathematics. 
Through discussions there in October 2009 at the Rigidity Trimester Program, the 
earlier results on topological s-rigidity were extended to the class of FJ^ summands. 

2 Since the infinite cyclic group Z is NDL and we know the Postnikov stage G/TOP^ = 
K{%/2,2) X K(Z,4), a cohomology argument gives exactness at A/"topP0 = [X/dX, G/TOP] + . 
If 7ri(X) is a free group but we do not assume that X is a connected sum, then partial results 
on exactness at A/top(^) are 

found in IKL02I |HiI02l §6.2]. Other non-aspherical (but NDL) 
examples of topological rigidity in dimension 4 are discussed in |KL09I Thm. 0.9, Thm. 0.11]. 
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2. The language of structure sets 

To start, the following equivalence relations play prominent roles in Section [3] 

Definition 2.1. Let Z be a compact topological manifold. Let h : M — )• Z and 
h! : M' — > Z be continuous maps. A topological bordism H : h —> h' rel dZ 

consists of a continuous map \H\ : W — > Z x I and a compact topological manifold 
W such that H\m = h and H \m> = h' and dW — M Ugz M' . Moreover, we call 
H : h — > h! a /i-bordism if (W; M, M') is an /i-cobordism. Furthermore, we call 
H : h — > h' an s-bordism if (W; M, M') is an s-cobordism. 

Next, we relativize the surgical language in the Introduction (cf. |Wal99j). 

Definition 2.2. Let Z be a topological manifold such that the boundary dZ is 
collared. Let 8qZ be a compact locally flat codimension-zero submanifold of dZ . 
The pair (Z,d Z) is called a TOP manifold pair. Write d 1 Z := dZ - vatd Z. 
The induced triple (Z, doZ,diZ) is called a TOP manifold triad. 

Here is the precise definition of the relative structure set that we use in proofs. 

Definition 2.3. Let [Z, doZ) be a compact TOP 4-manifold pair. The struc- 
ture set S^ OP (Z, 8qZ) consists of ^-equivalence classes of continuous maps h : 
(M, d M, diM) -> (Z, d Z, d\Z) of compact TOP 4-manifolds triads such that: 

• \h\ : M — > Z is a homotopy equivalence with M C 

• doh : 8qM — >• 8qZ is a Z[To]-homology equivalence, and 

• d\h : d\M — > 9iZ is a homeomorphism. 

We call such /i : (M, 8qM) — > (Z, d$Z) a homotopy— homology equivalence. 
Here, h ~ h' if there exists a TOP bordism H : h ^ h' such that: 

• |if | : VF — > Z x / is a homotopy equivalence, 

• <9o£f : — > doZ x / is a Z[r ]-homology equivalence, and 

• d\H : d\W — > d\Z x / is a homeomorphism. 

We call such H : h — > b! a homotopy— homology /i-bordism. 

The 4-dimensional relative surgery sequence is defined carefully as follows. 

Definition 2.4. Let (Z, doZ) be a compact TOP 4-manifold pair. Denote the 
fundamental groupoids T := ni{Z) and Lo := 7Ti(<9oZ). Denote the orientation 
character oj := i«i(tz) : L — > {±1}- We declare that (Z, <9 Z) has class SES h if 
there exists an exact sequence of based sets: 

A/top (Z x /, 8 Z x/)^ L*(T, 

5^ O p(^5 Z) A/top (Z,d Z) -^ij(r,r ,w). 

Last is the enhancement to include actions of certain groups in K- and L-theory. 

Definition 2.5. Furthermore, we declare that (Z, 8qZ) has class SES+ if, for all 
elements h G S^op^ 3 Z) an( ^ * e Whi(r) and x G L% (T, T , w), there exist: 

• an action of the group Whi(r) on the set S^ OP (Z, 8qZ) such that: 

— there is an ft,-bordism F : W — > Z x / rel dZ from h : M — »■ Z to 

: M ' -> Z with Whitehead torsion t(VF; M, A/') = t, and 

• an action of the group L^(T,T ,uj) on the set S^ OP (Z, doZ) such that: 

— there exists a normal bordism F from h to x(h) with cr^(F) — x, and 
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— the equation d(x) = x(idz) holds. 

Before moving on, we consider the stable version of the above structure set. 

Definition 2.6. Let (Z,doZ) be a compact TOP 4-manifold pair. The sta- 
ble structure set S TOP (Z, doZ) consists of "-equivalence classes of homotopy- 
homology equivalences h : (M,d M) -» (Z#r(S 2 x S 2 ),d Z) for any r > 0. 
Here, we define h~h' if there exist s, s' > and a homotopy-homology /i-bordism 
H : ft,#id s ( S 2 x5 2) -> /i'#id s / ( 52 xS 2). 

The next theorem was proven by S. Cappell and J. Shaneson |CS71j (cf. |KT01j ). 

Theorem 2.7 (Cappell-Shaneson) . Let (Z,doZ) be a compact TOP 4-manifold 
pair. Denote the fundamental groupoids T := ni(Z) and Tq := 77i(doZ) and orien- 
tation character lj : T — > {±1}. Then there is an exact sequence of based sets: 

N TO p(z x i,d z x i) ^U4 l (r,r ,^) -2-> 

S^ OP (Z,d Z) -^M TOP (Z,d Z) lH(T,T ,lj). 

Moreover, the abelian group L5(r,ro,a;) acts on the set S TOP (Z,doZ) in such a 
way that the above map d is equivariant. 

3. A Weinberger-type homology splitting theorem 

Now we are ready to improve the A-splitting theorem of S. Weinberger |Wei87] by 
slightly modifying his proof. In essence Theorems 11.61 fc fl . 101 shall be its corollaries. 

Definition 3.1. In the setting below, the homotopy equivalence h : M — > X is 
Z[To]-split if h is topologically transverse to X$ and its restriction ho : h^ 1 (Xf ) ) — > 
Xq is a Z[Po]-homology equivalence (hence h — ho: h~ x (X — Xq) — > X — Xq is also). 

Theorem 3.2. Let X be a non-empty compact connected topological 4-manifold. 
Let Xo be a closed connected incompressible separating topological 3-submanifold of 
X . The decomposition of manifolds X = X\ Ux X2 induces the decomposition of 
fundamental groups T = T\ * Pa IV Define a closed simply- connected 8-manifold 

Q := CP 4 #(5 3 x S 5 )#(S 3 x S 5 ). 

Let M be a compact topological 4-manifold. Suppose h : M —> X is a homotopy 
equivalence such that the restriction dh : dM —> dX is a homeomorphism. 

(1) Assume (*): the group To has class NDL and the 4-manifold pairs (Xi, Xo) 
and (X2,Xo) have class SES+. Then h is topologically s-bordant rel dM 
to a Z,[To]-split homotopy equivalence h'" : M'" — > X if and only if h x icLq 
is homotopic rel dM x Q to a split homotopy equivalence along Xo x Q. 

(2) Do not assume Hypothesis (*). Then, for some r > 0, the r-th stabilization 
hffid r (s2 xS 2} is homotopic rel DM to a Z[To]-split homotopy equivalence 
h'" : M'" X#r(S 2 x S 2 ) if and only if h x id Q is homotopic rel dM x Q 
to a split homotopy equivalence along Xo x Q. 

Moreover, there is an analogous statement if Xo is two-sided and non-separating. 

Note the map ro — » T is injective, but the amalgam T need not have class NDL. 
Observe the 8-manifold Q has both Euler characteristic and signature equal to one. 
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Corollary 3.3 (Weinberger). In the previous theorem, instead of (*), assume (**): 
dX is empty and the fundamental group Y has class NDL. Then h is homotopic 
to a lj[To\-split homotopy equivalence along Xq if and only if ' h x idq) is homotopic 
to a split homotopy equivalence along Xq x Q. 

Proof. Since Y has class NDL, the subgroups ro,ri,l?2 have class NDL. Then, 
since r ,ri,r 2 have class NDL, by |FT951 [KQOO] , the 4-manifold pairs (Xi,X ) 
have class SES+. Hence Hypothesis (**) implies Hypothesis (*). Now, since Y 6 
NDL, by IFT95HKQ00] , the TOP s-cobordism of Theorem WMX) is a product. □ 

Remark 3.4. Weinberger's theorem (Cor. I3-3|) [Wci87, Thm. 1] was stated in a 
limited form. The only applicable situations were injective amalgamated products 
r = T\ *r T = Ti and Y — C 2 * C 2 = Doo in class NDL. (The second case 
was applied in |JK061 |B~DK07| .) We effectively delete the last phrase in his proof. 
Earlier, there was a homology splitting result of M. Freedman and L. Taylor |FT77j 
which required that r = Y *r Y a = Y but did not require that Y have class NDL. 

Next, we modify Weinberger's clever cobordism argument, adding a few details. 
We suppress the orientation characters u> needed in the non-orientable case. 

Proof of Theorem \3.t9( l) . For brevity, we shall denote ® for either xQ or xidQ. 

(=>)■ Since dim(M^) = 11 > 4, this follows from the TOP s-cobordism theorem 
and the handlebody version of the Quillen plus construction |KS77) . 

(<=)'■ Suppose hfi is homotopic to a split homotopy equivalence along Xq . 
By topological transversality |FQ90 , we may assume, up to homotopy rel dM, 
that h : M — > X is TOP transverse to Xq. There is an induced decomposition of 
compact manifolds M — Mi Ua/ M^, where for all j = 0, 1, 2 the restrictions hj := 
h\Mj : Mj — > Xj are degree one TOP normal maps and dhj are homeomorphisms. 

Since Q has both Euler characteristic and signature equal to 1, by periodicity and 
product formula Wal99 , for all i= 1,2, the relative surgery obstructions vanish: 

<r*(hi,ho) = <r*(hi,ho) ■ <J*(Q) = cr*(/if = 0. 

Then, by exactness at A/"top in Hypothesis (*), for all i = 1,2, there exists a TOP 
normal bordism F % : (W t ,dW l ) -> {X t ,X ) from (hi, ho) : (Mi, Mo) -> (X h X ) to 
a homotopy-homology equivalence (h'^dh^) : (M-,dM-) — > (Xi,X ). 

Consider the TOP normal map F : (W, M ; M ) -> (X x I, X a x 1; X') of triads, 
where the restriction d\F : M' — > X' is a homotopy equivalence: 

F := F 1 l) hl (h x id/) U h2 F 2 

W := Wi U Ml (M x /) Um 2 Wi 

M'q := dW l \J Mo dW 2 

M := M[ U (M x 0) U M' 2 

X' := (X x x 1) U (X x 0) U (X 2 x 1). 

Select a homotopy H : M** x I — > X® from h9 to a split homotopy equivalence 
g = gi U go g 2 along X® . By topological transversality |FQ90], we may assume that 
both F® and H are transverse to X® . Define a degree one TOP normal map 

Go := (/i?xi)U (k?x0) ffo 

Gi := F?U {h?xl) (h? xI)U {h?xQ) Hi. 
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Note FQ U h H = Gi U Go G 2 . Define a de gree one TOP normal map 
Gi := {Gi,d x F? L) h Q xl G ; h[ U 9i ) 

such that the restriction d\Gi = h[ U is a homotopy equivalence. Observe there 
are defined surgery obstructions 

x := a*(F,d F)eL%(r,r ) 

Xi := a^GudoGi) e L^M- 

Denote the inclusion-induced homomorphism ji : L^r^To) — > L^r^o). Then, 
by periodicity, sum formula, and L£(r ,r ) = WaM, we obtain: 

x = a ^ F Q )doF Q) = a ^ F Q U h H,d FQ)=j 1 (xi)+j 2 (x 2 ). 

In particular, we obtain that x € L^(T,To) is the image of a surgery obstruction 
x B G Lj?(T,ro) uniquely determined by F® , where the decoration subgroup is 

B ^jiWhifrO+jaWhipa) CWhi(r). 

Next, by existence of an Lg-action in Hypothesis (*), for each i = 1,2, there exists 
a TOP normal bordism F[ : (W(, dW() -4 (X u X ) from {h'^dh'J to dh't) with 
surgery obstruction a*(F{,8F!) = -x z such that ftf : (Mf,diMf) -> (X^Xo) 
is a homotopy-homology equivalence. Now consider the TOP normal map F' : 
{W',M^;M") -> (Xx7,X Xl;X') of triads, where the restriction e^i*" : M" -> X' 
is a homotopy equivalence: 

F' := fJUj-FU^fJ 

Mj' := U aM( M£ U dMi W 2 

M" := M" U (M x 0) U . 

Note the surgery obstruction vanishes: 

a*(F',d F') = j 1 (- Xl ) + x + j 2 (-x 2 ) = e if (r,r ). 

Since the Null Disc Lemma holds for To, by 5-dimensional relative surgery |Wal991 
FQ90], there is a normal bordism G rel M" to a B-torsion homotopy equivalence 

F" : (W",Mo";M") — ► (X x I,X x 1;X') 

of triads such that for each i = 1,2 the restriction Si* 1 / : <9M 4 ' — > Xo is a Z[To]- 
homology equivalence. Hence F" is a B-torsion TOP fe-bordism from h to a Z[To]- 
split homotopy equivalence (d+F";dF{) : (9 + W";9Jl^) -> (X;X ) along X Q . 
Finally, consider the Whitehead torsion of the achieved /i-cobordism rel dM : 

t := T {W";M,d + W") S B. 

Then there exist ti £ Wh(Fj) such that t = ii(ti) + j 2 (t 2 ). By existence of a Whi- 
action in Hypothesis (*), for all i = 1,2, there exist /i-bordisms F" rel d such that 
torsion of the domain ft,-cobordism is ti). Therefore, by the sum formula, we 
obtain a topological s-bordism F'" := F[' U F" U F% rel <9Af from /i to a Z[r ]-split 
homotopy equivalence h'" := d+F'" along Xq. □ 

Proof of Theorem VS. 2( 2). The argument in the stable case, Part (2), is similar to 
the unstable case, Part (1). The places where we used the hypothesis that [X\, Xq) 
and (X 2 ,X ) have class SES+ can be replaced with the use of Theorem 1 2. 71 More- 
over, the places where we used the hypothesis that To has class NDL had target 
X x I for surgery problems, and so can be replaced with the use of Theorem 12.71 
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Realization of elements of the Whitehead group by /i-cobordisms on any given 
compact 4-manifold is the same as in high dimensions [RS721 p. 90]. Finally, by 
FQ90, Theorem 9.1], any TOP s-cobordism W'" on a compact 4-manifold ad- 
mits a TOP handlebody structure. Then we proceed as in the proof of the high- 
dimensional s-cobordism theorem (e.g., see [RS721 Thm. 6.19]), except we resolve 
double-point singularities of immersed Whitney 2-discs via Norman tricks |Nor69( 
Lem. 1] . We conclude, for some r > 0, that the sum stabilization W"'\\r{S 2 xS 2 xI) 
(defined on |FQ90j p. 107]) is homeomorphic to the product (X#r(S 2 x S 2 )) xl. □ 

4. Proofs for the surgery sequence 

Again, we suppress the orientation characters u used in the non-orientable case. 
We start with a puncturing lemma. Section [3] contains the terminology for pairs. 

Lemma 4.1. Let Z be a non-empty compact connected topological J^-manifold. 
Write pZ :=Z - mtD*. If Z has class SES^, then (pZ,S 3 ) has class SES'±. 

Proof. Denote the fundamental group T := m(Z). First, let (M, OqM) be a 
compact topological 4-manifold pair, and let (/, dof) ■ (M, 8qM) —> (pZ, S 3 ) 
be a dcgrcc-onc TOP normal map of pairs that restricts to a homeomorphism 
d\f : d\M dZ. Suppose the relative surgery obstruction vanishes: cr^(f) = G 
L%(T, 1). Recall the geometric exact sequence of C.T.C. Wall |Wal991 Cor. 3.1.1]: 

Z = Lj(l) L h A {Y) — > L2(r, 1) — »• L§(1) = 0. 

Then dof : 8qM — > S 3 is DIFF normally bordant to a Z-homology equivalence 
g : E — > S 3 . Since any closed oriented 3-manifold E is parallelizable, by a theorem of 
M. Freedman |FQ90| Cor. 9.3C], it follows there exists a TOP normal null-bordism 
of g over D 4 . Thus (f,dof) is TOP normally bordant, as a pair relative to d\M, 
to a degree-one map /' : M' — > Z such that df : d\M — > dZ is a homeomorphism. 
Moreover, by connecting sum with copies of the TOP i?g-manifold or its reverse, we 
may assume that the absolute surgery obstruction vanishes: o-^(f') = G L A (r). 
By hypothesis, /' is TOP normally bordant to a homotopy equivalence h : M" —> Z. 
We may assume that h is transverse to a point z G Z and that h~ 1 {z} is a singleton. 
Thus (/, dof) is normally bordant to a homotopy equivalence (ph, id) : (pM" , S 3 ) — > 
{pZ, S 3 ). Therefore we obtain exactness at the normal invariants A/"top(p^j S 3 ). 

Next, define an appropriate action of L^{T, 1) on S^ OP (pZ, S 3 ) as follows. By 
puncturing at a transversal singleton {z} C Z with connected preimage, we obtain 
a function p : S^ OP (Z) — >■ S! roP (pZ, S 3 ). By the existence of 1-connected TOP h- 
cobordism from a homology 3-sphere E to the genuine one |FQ90| Cor. 9.3C], it fol- 
lows that p is surjective. By the topological plus construction |FQ90[ Thm. 11. 1A], 
applied to any homology /i-cobordism of S* 3 to itself, it follows that p is injective. 
By hypothesis, there is an appropriate action of L^(T) on St TOP (Z). This extends, 
via the bijection p, to an action of L^(T) on S! roP (pZ, S 3 ). For any orientation 
character u, there is a unique k > such that Wall's exact sequence becomes 

— > L%(T) i£(r, 1) — > kZ = Ker(e) — > 0. 

(Here k = if and only if uj = 1, equivalently, Z is orientable.) Since these groups 
are abelian, we obtain a non-canonical isomorphism 

V-L h 5 (T,l) -^L h 5 (T)®kZ. 
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The relevant action of £4(1) on the homology structure set iS^o P (S' 3 ) via twice- 
punctured i? 8 -manifolds restricts/extends to an action of fcZ on S^ OP (pZ, S 3 ). 
Thus, via the isomorphism (p., we obtain an appropriate action of Lg (T, 1), given by 
concatenation of the actions. Therefore, we conclude (pZ, S 3 ) has class SES 1 ^. □ 

At last, we are ready to establish our main theorem using homology splitting. 
For any non-empty compact connected 4-manifold Z, we use the following notation: 

pZ := Z-intD 4 

Sf TO p(Z) := M TOP (Z)/(E 8 S 4 ) 

LfaiZ) := Cok (e : — > L^Zj) . 

Proof of Theorem \1.6[ Since T := tt\(X) is isomorphic to a free product T\*- ■ -*r„, 
by an existence theorem of J. Hillman }Hil95] (cf. |KLT95bi IKM98j ). there exist 
r > and closed topological 4- manifolds Xi, . . . ,X n with each 7ri(Xj) isomorphic 
to Ti such that X#r(S 2 x S 2 ) is homeomorphic to Xi# ■ ■ ■ #X n . For Part (1), since 
each Ti has class NDL, by Theorem II. 5 1 we obtain that each Xi has class SES+. 
For Part (2), this is assumed of the Xi, and the SES+ property only depends on 
the homotopy type of X. Therefore we may assume that X = X\# ■ ■ ■ f^X n with 
each Xi of class SES+. Write Ti := ir\{Xi) for each fundamental group. 

We induct on n > 0. Assume for some n > 1 that the (n— l)-fold connected sum 
of all compact connected topological 4-manifolds of class SES+ has class SES+, 
where in the non-orientable case we assume 2-torsionfree fundamental group. Write 

x' := Xi# • • • #x„_ 1 r' := Ti * • • • * r„_ x . 

Hence X = X'fj^X n and r = T' * T n . By hypothesis, both X' and X n have class 
SES^. Then, by LemmaOl the pairs {pX 1 , S 3 ) and (pX n , S 3 ) have class SES^. 
Next, we shall show that our original 4-manifold has class SES+: 

X = pX' U S 3 P x n . 

First, the X-theory splitting obstruction group vanishes |Wal78j . and, by a recent 
vanishing result |CR05[ iBLl ICDj . so do the L-theory obstruction groups|3 

Nii (Z;Z[r'-i],z[r„-i]) = 

UNil^(Z;Z[r'- i],z[r„ - 1]) = 

UNiig (z ; z[r' - 1], z[r„ - 1]) = o. 

So observe, by Stalling's theorem for Whitehead groups of free products |Sta65] 
and the Mayer- Vietoris type exact sequence for L-theory groups |Cap74b| , that: 

Whi(r) = whi(r')ewh!(r n ) 

L h 4 (T) = Ll{Y')®Ll(T n ) 
L£(T) = L h 5 (T')®L h 5 (T n ). 
Here, from the Mayer- Vietoris sequence for any free product G = G\ * G2 , we write 
LUG) := Ker(S:£*(G)— ^L2(l)). 



3 If r is 2-torsionfree, then UNilJ = by Cappell's earlier result |Cap74b| |Cap76| Lem. 11.10]. 
Furthermore, we require T to be 2-torsionfree in the non-orientable case, due to semi-periodicity. 
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Second, since A/top {S 3 ) and A/top (<S 3 x I) are singletons, by TOP transversality 
FQ90] and by attaching thickened normal bordisms, we obtain: 

A/topPO = ■Mrop(X') xAf TO p(X n ). 

So, since the surgery sequence for both X' and X n is exact at A/top ; the surgery 
sequence for the connected sum X is exact at A/top- 

Third, since (pX 1 , S 3 ) and (pX n , S 3 ) have class SES+ and the splitting obstruc- 
tion groups vanish, by Theorem I3.2f 1). any homotopy equivalence to X is TOP 
s-bordant rel dM to a Z-homology split map along S 3 . That is, the top part of 
the s-bordism is a homotopy equivalence whose preimage of S 3 is a Z-homology 
3-sphere S. Thus the following inclusion is an equality (compare |Cap74a| Thm. 3]): 

C : S^Qp^iX; S 3 ) > S^ p(X). 

By |FQ90[ Corollary 9.3C], there exists a TOP Z-homology /i-cobordism {W; S, S 3 ) 
such that W is 1-connected. Furthermore, there exists an extension of the degree 
one normal map S — > S 3 to a degree one normal map W -> S 3 x 7. Thus, by 
attaching the thickened normal bordism, the following inclusion is an equality: 

(- . osplit /--«-, , cZ-split/v-. rt3^ 

— ' °TOPv^ L >' : ' I > °TOP v^ 1 ' " )• 

(The process of this last equality is called neck exchange, cf. [KLT95a] IJK06) .) 
Therefore the following map #, given by interior connected sum, is surjective: 

# : ^TOp(^') X ^TOp(^i) ►<StOp(^0- 

In order to show that # is injective, suppose h\$hi is TOP /i-bordant to h'-^h'^, 
say by a map 77 : W — > X x 7. Since S* 3 x 7 is a 1-connected 4-manifold |FQ90| , and 
977 is split along S 3 x 97, by the relative 5-dimensional form of Cappell's nilpo- 
tent normal cobordism construction |Cap 74a, Ca p76| , there exists a TOP normal 
bordism rel dW from H to an ft,-bordism 77' : W — > X x 7 split along S 3 x 7. 
So 77' = H[#H' 2 . Therefore # is injective. Now Wh x (r) and L%(F) can be given 
product actions on S^ OP (X). The latter extends to an action of L^(T) by attaching 
a thickened multiple of a twice-punctured Eg manifold along S 3 . Hence the surgery 
sequence for X is exact at <S^ OP and L\. This completes the induction. Therefore 
arbitrary connected sums X = X\# ■ ■ ■ #X„ have class SES+. □ 

Proof of Theorem \1.1(A By the stable prime decomposition of Kreck-Liick-Teichner 
KLT95b , there exist 4-manifolds Xj, unique up to stabilization and permutation, 
with fundamental groups Ti such that X is (S 2 x S' 2 )-stably homeomorphic to 
-^i# ' ' ' #-^ri- By a theorem of Waldhausen |Wal78j and a recent calculation of 
Connolly-Davis [CDj . the algebraic K- and 7-theory splitting obstruction groups 
associated to each connecting 3-sphere vanish: 

Nil = and UNil£ = 0. 

Therefore, by Theorem 13. 2f 2). using Cappell's high-dimensional splitting theorem 
|Cap74a| |Cap76| , we obtain inductively that # is a bijection. □ 

The following argument is partly based on Farrell's 1970 ICM address |Far71j . 

Proof of Theorem \1.15l One repeats the mapping torus argument of the proof of 
Kha08, Theorem 5.6], constructing a homotopy equivalence h : X — V X using /. 
Since the achieved homotopy equivalence g : M — s> X x h S 1 has Whitehead torsion 
r(g) = t(/) = 0, there are no splitting obstructions. Since X has class SES+, the 
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proof of splitting g along X holds |Kha08[ Thm. 5.4]; one no longer requires that 
M and X be DIFF manifolds. Therefore the argument of |Kha08[ Theorem 5.6] 
shows that / : M — > S 1 is homotopic to a TOP s-block bundle projection. □ 

5. Proofs for topological rigidity 
The following elementary argument is similar to J. Hillman's [Hil02, Cor. 6.7.2]. 

Proof of Theorem \1.21i First, we show that the s-cobordism structure set S^ OP (Z) 
is a singleton. Let M be a compact topological 4-manifold, and let h : M —> Z be 
a simple homotopy equivalence that restricts to a homeomorphism dh : dM — >• dZ. 
Then the surgery obstruction (J%{r){h)) E LI(it,uj) vanishes. Since tr| is injective, 
there exists a TOP normal bordism F : W — > Z x I to rj(h) from the identity id^. 
Since erf is surjective, there exists a TOP normal bordism F' : W — > Z x I to idz 
from idz with opposite surgery obstruction: erf (F') = — <rf (F). Hence the union 

F" := F' U idz F:W'UzW — > Z x I 

is a TOP normal bordism to rj(h) from idz with vanishing surgery obstruction: 
o-s{F") = 0. Therefore, by 5-dimensional TOP surgery theory |Wal991 IKS77] . we 
obtain that F" is TOP normally bordant rel d to a simple homotopy equivalence 
F'" : (W"; Z, M ) -> (Z x I; Z x 0, Z x 1) of manifold triads. Therefore we have 
found a TOP s-bordism to h from idz- That is, S^ OP (Z) is a singleton {*}. 
Next, observe that trivially we obtain an exact sequence of based sets: 

A/top(^ x /) -^U L s 5 (tt,lj) {*} -U AfTOp(Z) -^U LJ(tt,w). 

We declare the action of L§(7t,cj) on S^ OP (Z) to be trivial. Finally, if Whi(7r) = 0, 
then homotopy equivalences to Z are simple, and so Z is topologically s-rigid. □ 

We employ a case of a lemma of Hillman |Hil021 Lem. 6.8], providing its details. 

Proof of Corollary \1.22[ Let k > 0. By the Mayer- Vietoris sequence in homology, 
the Shaneson sequence in L-theory Sha69] , and the Ranicki assembly map |Ran921 
p. 148], the following diagram commutes with right-split exact rows: 

H b+k {Z;U) —*=->• H h+k {Z x S\U) — H i+k (Z;U) 

L s 5+k (Z) L'^ZxS 1 ) — 2-> L 4 \ fe (Z). 

Moreover, the algebraic right-splitting is given by multiplying local or global qua- 
dratic complexes by the symmetric complex of the circle. This choice of splitting 
commutes with the connective assembly maps A^ +k (Z x S 1 ) and A^ +k (Z). 

Assume Z x S 1 is topologically rigid. Then S^ OP (Z x S 1 ) — {*}. So, by Wall's 
surgery exact sequence [Wal99l §10] and Ranicki's identification of the surgery 
obstruction map with the assembly map |Ran92l Prop. 18.3(1)] via topological 
transversality |FQ90| , we obtain that A%{Z x S 1 ) is injective and A\{Z x S 1 ) 
is surjective. Hence, using k — in the above diagram and the right-splitting, 
04 = A\{Z) is injective. Also, using k = 1 in the above diagram, 175 = A\(Z) is 
surjective. Therefore, by Theorem 11.211 we obtain that S^ OP (Z) = {*}. Hence, 
since Whi(7TiZ) = by hypothesis, we conclude that Z is topologically s-rigid. □ 
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Proof of Corollary \ 1.261 Denote T :— m(Z). Via topological transversality [FQ90 , 
there are commutative squares with bijective left vertical maps [Ran92| Prop. 18.3(1)] 

A/top (^) — L%(T) A/top x /) -^U L\{T) 

|n[z] L0 Aj| Jn[z] L „ " 

Hi{Z;U) — ^ ff4(sr ; L ) ff 5 (z ; L ) — ^ ff 5 (£r;L ) 

Here, we are using the identification Mtop(Z) = [Z/dZ, G /TOP]+. Since Z is 
aspherical, the bottom horizontal maps are isomorphisms. Since Y is torsionfrcc 
with cdim(r) = 4 and has class FJl, Whi(r) = 0, the map A\ is a monomorphism, 
and A§ is an isomorphism. Hence erf is injective and erf is surjective. Therefore, by 
Theorem II .2 11 we obtain that Z is topologically s-rigid and has class SES\. □ 

Proof of Corollary ] 1 .29\ . Let a : K — > K be the homeomorphism. It follows from 
the homotopy sequence of a fibration that Z — K X a S 1 is aspherical. By a recent 
theoren^ of Bartels-Farrell-Luck |BFL] . we obtain that To := tti(K) has class FJl- 
Write r := nx(Z). Then Y = Yq x a Z. By the excisive Wang sequence and the 
Shaneson Wang-type sequence, there is a commutative diagram with exact rows: 

H n (BY Q ;h) H n (BY Q ;h) — ^ H n (BT;l.) — H n ^(BY Q ;h) 

J/"° J/" J/"" 1 

L«=-°°(ro) K(y ) — ^ L«(r) — £5=i(r ) 

Since To is torsionfree and has class .FJi,, the non-connective assembly maps 
are isomorphisms. Hence, by the five lemma, the non-connective assembly maps 
are isomorphisms. Using topological tranversality and Poincarc duality, similar 
to the proof of Corollary 11.261 by Theorem 11.211 we obtain that S^ OP (Z) = {*}. 
Hence, since Whi (tti = 0, we conclude that Z is topologically s-rigid. □ 

Proof of Corollary 1 1 . 3(A Since each Xj is orientable and has class SES+ , by Theo- 
rem ll.61 we obtain that X has class SES+ and the following function is a bijection: 

71 

i=l 

Next, let 1 < i < n. Consider the connective assembly map components |TW79] : 

A 4 = {I 0K2 ) : H i {BY i ;h )=H (BY i ;Z)®H 2 (BY i ;Z 2 )^L'l(Y i ) 
A 5 = (i lK3 ) : H 5 (BY i; h ) =H 1 (BY l ;Z)(BH 3 (BY t ;Z 2 ) — > L^r*). 

Assume Yi is torsionfree and 7r2(Xj) ® 7L 2 =0. Since Yi has class FJl and 
cdim(Ti) < 4, we obtain that A4 is a monomorphism and A$ is an isomorphism. 
Recall the universal covering Xj — > Xj is classified by a unique homotopy class 
of map u : Xj — > -Br^, which induces an isomorphism on fundamental groups. 
Since Xj is a closed oriented topological manifold, using topological transversality 



4 Their proof depends on G. Perelman's affirmation of Thurston's Geometrization Conjecture 
(cf. [And04] ) and on individual casework of S. Roushon and P. Kiihl. 
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FQ90 , the Quinn-Ranicki iJ-space structure on G/TOP, and Poincare duality 
with respect to the L°-orientation IRan92j . we obtain induced homomorphisms 

< : WtopPQ) = [(X t ) + ,G/TOP] + S H 4 {X i; U) H^BT^U) 

u' 5 : N' TOJ >(X i xI)^[(X i ) + AS 1 ,G/TOP] + ^H 5 (X i ;-L )^H 5 (BT i ;h ) 

such that the surgery obstruction map factors: a\ = A4 o u' 4 and er^ = A 5 o u' 5 . 
Recall the Hopf sequence, which is obtained from the Leray-Serre spectral sequence: 

H s (X i; Z 2 ) ^ H 3 (BT i; Z 2 ) — > H 2 (X;Z 2 ) — > tf 2 (X;Z 2 ) ^> ff 2 (My,Z 2 ) — > 0. 

Since H 2 (X; Z 2 ) = 7r 2 (Xi) ® Z2 = 0, we have Ker(u 2 ) = and Cok(i/3) = 0. Hence 

Ker(cr^) = Ker«) = Kcr(M ) © Kcr(tt 2 ) = 
Cok(^) = Cok«) = Cok(ui) © Cok(u 3 ) = 0. 

Therefore, since Xi has class SES+ and Whi(Fj) = 0, we obtain that £f> OP (X;) 
is a singleton. Thus, since # is a bijection, the Whitehead group Whi(T) and 
s-cobordism structure set <Sj. O p(-^0 X = X\# ■ ■ ■ j^X n are singletons also. □ 
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